In this paper, we consider singularly perturbed parabolic convection-diffusion initial boundary value problems with two small positive parameters to construct higher order fitted operator finite difference method. At the beginning, we discretize the solution domain in time direction to approximate the derivative with respect to time and considering average levels for other terms that yields two point boundary value problems which covers two time level. Then, full discretization of the solution domain followed by the derivatives in two point boundary value problem are replaced by central finite difference approximation, introducing and determining the value of fitting parameter ended at system of equations that can be solved by tri-diagonal solver. To improve accuracy of the solution with corresponding higher orders of convergence, we applying Richardson extrapolation method that accelerates second order to fourth order convergent. Stability and consistency of the proposed method have been established very well to assure the convergence of the method. Finally, validate by considering test examples and then produce numerical results to care the theoretical results and to establish its effectiveness. Generally, the formulated method is stable, consistent and gives more accurate numerical solution than some methods existing in the literature for solving singularly perturbed parabolic convection-diffusion initial boundary value problems with two small positive parameters.
Introduction
Singularly perturbed parabolic convection-diffusion problems appeared as model in various branches of science and engineering such as modeling of water quality problems in river networks, fluid flow at high Reynold's numbers, convective heat transport problem, drift diffusion equation of semiconductor device modeling, electromagnetic field problem in moving media, financial modeling and turbulence model, one can refer [1, 4, 5, 6, 8, 11] . As stated in book written by Morton [7] and in article presented by Das and Mehrmann [1] , singularly perturbed parabolic 456 problems describe the transport of solute in groundwater and surface water, the displacement of oil by fluid injection in oil recovery, the movement of aerosols and trace gases in the atmosphere, and describe fluid flow processes in many other applications. Boundary layers occur in the solution of singularly perturbed problems when the singular perturbation parameter multiplies the terms involving the highest order derivatives in the differential equation tends to zero. These boundary layers are neighborhood of the boundary of the domain, where the solution has a very steep gradient.
If one tries to solve singularly perturbed parabolic problems using standard numerical methods applied to solve partial differential equations, then very inaccurate solutions are obtained unless the mesh discretization domain used is extremely small. Even in this context, carful numerical experiments show that the classical computational methods like; standard finite difference or finite element or finite volume methods fail to decrease the maximum point-wise error as the mesh is smaller and smaller; until the mesh size and the perturbation parameter have the same order of magnitude. This contradicts the natural expectation that the error of an acceptable computational method decreases when the mesh is refined. Subsequently, the size of system of algebraic equations will be growing more as the dimension of problem increases. Hence this incorporates the huge computational cost. This drawback motivates researcher to develop and analysis numerical methods which gives accurate numerical solution corresponding to higher order of convergence. Thus, in order to get inexpensive but accurate numerical solution, it will be necessary to develop methods that can handle singular perturbation problems. Hence, numerically solving singularly perturbed parabolic problems depend upon the small positive parameters that affect highest order derivatives of the problem; solution varies rapidly in some parts of the domain and varies slowly in some other parts.
As a result, in the past few decades, various numerical schemes are proposed to solve singularly perturbed parabolic problems with two small positive parameters. For instance, from many few recently developed methods are; parameter-uniform finite element method presented by Kadalbajoo and Yadaw [4] , spline difference scheme [12] , robust finite difference method [8] , robust layer adapted difference method [3] and a parameter-uniform higher order finite difference scheme [2] . All these works concerns singularly perturbed parabolic problems in which perturbation parameters affecting the first and second order derivative terms. While for the perturbation parameter affects only the second order derivative is other type of problem to be discussed separately in other part of our work. These developed methods analyzed very well in different approaches and produce good accurate numerical solution corresponding with first and second order rate of convergence to demonstrate efficiency of the methods.
However, the obtained approximate solution and corresponding order of convergence are not more satisfactory which indicates that yet to solve the stated problem needs develop other numerical methods to produce more accurate numerical solution. Thus, in this work, we formulate, analyze and implement higher order fitted operator finite difference method to solve singularly perturbed parabolic convection-diffusion problems with two small parameters more accurately.
Formulation of the Method
We consider the following singularly perturbed parabolic initial boundary value problem (IBVP) on the solution domain ( , )
:
subject to the initial and boundary conditions 01
with two small parameters 0 , 1     . The coefficient functions ( , ), ( , ) a x t b x t and source function ( , ) f x t are sufficiently regular on Q and satisfy ( , ) 0 a x t    , ( , ) 0 b x t    ;  and  are real numbers. Also, we assume that sufficient regularity and compatibility conditions imposed on the functions 01 ( ), ( ), ( ) s x q t q t and ( , ) f x t , so that a unique solution exists. Problem given by Eqs. (1) and (2) exhibits two boundary layer with different width depending on the relation between the two parameters  and  , one can see refer [1, 2, 4 ].
Temporal discretization
To discretize the time variable with uniform step size k, so that the time interval [0, ] T is partitioned as 01 0
. . . 
This indicates, the error estimate of time discretization is given by
let take the average of the remaining terms in Eq. (4) which is written as
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Substituting Eqs. (5) and (7) into Eq. (4) yields linear system of boundary value problems in space at each two time level of the form
22 n n n n n n n n n n nn
subject to the boundary conditions at each level
The characteristic equation for the homogeneous part with constant coefficients  and  of Eq. 
where 22 , AB and ( , ) 0 a x t    are real constant numbers.
Here, most numerical methods gives good accurate solution for case 1, since 0  , it has reactiondiffusion parabolic problem property. While for case 2 is challenging to produce good accurate solution. Thus, in this work our focuses to be treat the problem when it is in case 2. 
The full discrete problem
level. These situations guarantee that the system is diagonally dominant and it can be solved by tri-diagonal solver.
Richardson Extrapolation
This technique is a convergence acceleration technique which involves combination of two computed approximations of a solution. The combination goes out to be an improved approximation. In this work, the truncation terms of the schemes given in Eqs. (5) and (13) hk , which implies:
So that, it works for any ,0 22 hk  yields: is also approximation of ( , ) mn u x t . By means of this approximation to estimate the truncation error, we obtain
where C is constant free of mesh sizes h and k. Thus, the obtained accelerated method is order four convergent with respect to both independent variables.
Convergence analysis
The Von Neumann stability technique has been applied to investigate the stability of the developed scheme in Eq. (18), by assuming that the solution of Eq. (18) at the grid point   , mn xt is given by: respectively. Therefore, the constructed scheme is convergent by Lax's equivalence theorem, as stated in books by Smith [12] and Zhilin et. al. [13] .
Numerical Results and discussions
Since the exact solution for such type of problems is not available, the maximum absolute errors at all the mesh points are evaluated for before and after extrapolation using the formula (1 ) ( , ) 16 1 , ( , ) : (0,1) (0, ] (1 (1 ) ) (1 5 ) ( , )
subject to the conditions: ( ,0) 0, [0,1] and (0, ) 0 (1, ),
And numerical results given below in Tables 4 and 5 with Figure 1 . Table 2 and 4 for Example 1 in the left side and for Example 2 in the right adjacent. Tables 1 and 3 demonstrates higher order fitted operator finite difference method gives more accurate numerical solution than the existing method. As far results presented in Tables 2, 4 and 5, one can observe that effects of using Richardson extrapolation method to produce more accurate numerical solution corresponding to higher rate of convergence for singularly perturbed parabolic IBVPs with two small positive parameters. Besides, clearly to verify the use of Richardson extrapolation method on numerical scheme to increase accuracy of numerical solution and accelerate order of convergence, one can realize by results confirmed in Figure 1 . Moreover, Figure 1 specifies that accuracy of solution increases as number of mesh interval of the domain increases which indicates that convergence of the method.
From the results presented in

Conclusion
The key purpose of this work is to formulate and investigate higher order fitted operator finite difference method to solve singularly perturbed parabolic convection-diffusion IBVPs with two small positive parameters. We first discretize the solution domain in the time direction only which leads to ordinary differential equation with respect to space variable. Secondly, full discretization of domain, derivatives in the differential equations are replaced by central finite difference -time level and then the obtained finite difference approximation yields on two-level time direction and three-term recurrence relations in spatial derivatives that can be solved by tri-diagonal solver. Thirdly, applying Richardson extrapolation method to accelerate its rate of convergence from second order to fourth order convergent. Consistency and stability of proposed method have been established very well to guarantee the convergence of the method. Finally, it is validated by considering test examples and displaying numerical results to care the theoretical results and to determine the effectiveness of using the present method. Overall, the developed method is consistent, stable and produces more accurate numerical solution than the existing one for solving singularly perturbed parabolic initial boundary value problems with two small positive parameters.
